We investigate leading order deviations from general relativity that violate the Einstein equivalence principle in the gravitational standard model extension. We show that redshift experiments based on matter waves and clock comparisons are equivalent to one another. Consideration of torsion balance tests, along with matter wave, microwave, optical, and Mössbauer clock tests, yields comprehensive limits on spin-independent Einstein equivalence principle-violating standard model extension terms at the 10 −6 level.
Gravity makes time flow differently in different places. This effect, known as the gravitational redshift, is the original test of the Einstein equivalence principle (EEP) [1] that underlies all of general relativity; its experimental verification [2] [3] [4] [5] [6] is fundamental to our confidence in the theory. Atom interferometer (AI) tests of the gravitational redshift [4, 6] have a precision 10 000 times better than tests based on traditional clocks [3] , but their status as redshift tests has been controversial [7] . Here, we show that the phase accumulated between two atomic wave packets in any interferometer equals the phase between any two clocks running at the atom's Compton frequency following the same paths, proving that atoms are clocks. For a quantitative comparison between different redshift tests, we use the standard model extension (SME) [8] [9] [10] [11] , which provides the most general way to describe potential low energy Lorentz symmetry-violating (thus EEP-violating) signatures of new physics at high energy scales. We show that all EEP tests are sensitive to the same five terms in the minimal gravitational SME [9] [10] [11] and, for the first time, comprehensively rule out EEP violation in redshift tests greater than a few parts per million for neutral matter.
If two clocks are located at different points in spacetime, they can appear to tick at different frequencies, despite having the same proper frequency ω 0 in their local Lorentz frames. For clocks moving with nonrelativistic velocities v 1 and v 2 in a weak gravitational potential φ i = −M G/| r i |, the difference frequency is [12] 
The first term is the gravitational redshift, originally measured [2] by Pound and Rebka in 1960, while the second term is the time dilation due to the clocks' relative motion. The redshift term can be isolated from the time dilation if the clocks' trajectories are known.
The state of each clock can be described by a timevarying phase. If two clocks 1 and 2 are synchronized to have identical phase ϕ 0 = 0 at time t = 0, then their
Mach-Zehnder clock or atom interferometer. Two otherwise freely falling clocks (or halves of an atomic wavepacket) receive momentum impulses that change their velocity by ±vr. The dashed lines indicate trajectories without gravity.
specializing to a homogenous gravitational field so that φ 1 −φ 2 = g· r 12 , with r 12 being the clocks' distance vector and g the local acceleration of free fall. If the clocks are freely falling, then their motion is an extremum of their respective actions [12] 
Thus δϕ f is proportional to the difference S 1 − S 2 in their extremized actions.
To clarify the equivalence between matter-wave and clock comparison tests, consider two conventional clocks that follow the two piecewise freely falling trajectories indicated in Fig. 1 . Initially, they are colocated and synchronized with zero phase difference. In a uniform gravitational field, it can be shown that the relative phase δϕ f accumulated by the clocks in free fall vanishes, as the redshift and time dilation contributions in Eq. (2) are of the same magnitude ω 0 gv r T 2 /c 2 but opposite sign [13] . Thus δφ f = 0 is the measured phase difference at t = 2T , when they are again colocated and at rest relative to one another. The problem can also be solved from the viewpoint of the moving clocks, rather than that of the stationary observer: δϕ f vanishes because the time dilation term cancels the phase acquired during impulsive accelerations a at t = 0, T , and 2T . This is calculated using Eq. (2) with a replacing g (see Ref. [12] , chapter 13, part 6), and is given by
where v r = t+ t a dt is the velocity change. The analogy with the atom interferometer is completed if each clock subtracts such a locally observable phase δϕ a relative to a clock resting at z = 0 (measurable, e.g., via radio signals [3] ) from its own phase after it accelerates, the total phase difference between the clocks is
Calculation of the phase measured by a Mach-Zehnder AI, such as employed by Müller, Peters, and Chu [4] , proceeds identically [13] : At t = 0, a pulse from two counterpropagating lasers coherently divides an atomic matter wavepacket of mass m and initial momentum p 0 into a superposition of two different momentum states p 0 and p 0 +h k. The states separate with velocity of v r =hk/m as shown in Fig. 1 . In free fall, the wavepackets follow paths i which extremize their respective actions S i while accumulating phase in their local rest frames at the Compton frequency ω C = mc 2 /h. The total free evolution phase is ϕ i = S i /h, and just as before, δϕ f = 0. The atoms also acquire a phase shift of δϕ L i = ±kz each time they interact with the lasers [13] . This motiondependent phase shift is identical to Eq. (3) after substituting v r =hk/m and ω 0 = ω C . Thus the phase difference in an atom interferometer is equal to that measured by two observers holding clocks oscillating at the Compton frequency that are moved along the atoms' path if they subtract the phase shifts they accumulate relative to a fixed clock during their periods of acceleration. This equivalence holds for AIs of any geometry, since an arbitrary path can be approximated to any desired accuracy by piecewise freely falling paths punctuated by momentum transfers. The case of atoms held stationary in traps may be treated by Eq. (3) without taking → 0. Thus atoms are effectively clocks that oscillate at ω C .
Although they operate the same way, AI and conventional clock tests of the gravitational redshift could be sensitive to different physics beyond the standard model. The Compton frequency depends primarily on the physics of neutrons and protons, as these form the bulk of the atom's rest mass, whereas modern atomic clocks are sensitive to the physics of bound electrons, as we see below. A rigorous comparison between these tests requires the use of a consistent, comprehensive, and predictive phenomenological framework applicable to all experiments. The minimal gravitational SME [8] [9] [10] [11] is just such a framework, and provides the most general way to describe potential low energy Lorentz-and EEPviolating signatures of new physics at high energy scales.
It preserves desirable features such as energy-momentum conservation, observer Lorentz covariance, and renormalizability of the nongravitational interactions, and is in extensive use [14] . The SME is formulated from the standard model Lagrangian by adding all Lorentz-or CP T violating terms that can be formed from known fields and Lorentz tensors. Different EEP tests will couple to different combinations of gravitational SME parameters.
Without loss of generality, we may choose coordinates such that light propagates in the usual way through curved spacetime. The effects of EEP violation are then described by the α(ā w eff ) µ and (c w ) µν coefficients, which vanish if EEP is valid. The superscript w takes the values e, n and p indicating the electron, neutron, and proton, respectively. The motion of a test particle of mass m T , up to O(c −3 ), is that which extremizes the action [9]
where (a 
(6) The metric g µν may also be modified by particleindependent gravity-sector corrections, as well as the (c S ) µν and (ā S ) µ terms in the action of the gravitational source body. For experiments performed in the Earth's gravitational field, we may neglect such modifications as being common to all experiments. Here, we focus on an isotropic subset of the theory [9] and thereby upon the most poorly constrained flat-space observable (c w ) 00 terms and the (ā T 00
where v is the relative velocity of the Earth and the test particle. Thus, at leading order, a combination of c T 00
and α ā T eff 0 coefficients rescales the particle's gravitational mass relative to its inertial mass.
The (c w ) 00 also cause a position-dependent shift in the binding energy of a composite particle. This shift arises at O(c −4 ) in the expansion of Eq. (5), taking the form v 2 φ (c w ) 00 [9] . Although negligible below O(c −4 ) for the motion of a single elementary particle, composite systems bound by nuclear or electromagnetic forces can develop large internal velocities that are largely independent of φ. The v 2 φ (c w ) 00 terms represent variations of the bound particles' inertial mass, and thus of the binding energy of the composite particle with φ, with φ(c w ) 00 [9] . For clocks referenced to a transition between two bound states, this manifests as an anomalous rescaling [9] of the redshift by a clock-dependent factor of 1 + ξ clock . Energy conservation requires variations in a particle's mass defect to be balanced by a rescaling of its gravitational mass [21] , producing an additional correction to its motion. To leading order, the gravitational rescaling factor for an atom's electronic binding energy is ξ bind elec. = −(2/3) (c e ) 00 [9] . Scaled by the ratio of the electronic mass defect to the total mass, this contributes a fractional shift in the overall mass of an atom with Z protons and A nucleons with average nucleon massm of order Z 2 R E ξ bind elec. /(mA) ∼ 10 −7 ξ bind elec. , which we neglect. Contributions from the nuclear binding energy are much larger, since the nuclear binding energy represents between 0.1 and 1% of an atom's mass (see below).
We begin with an analysis of gravity-probe A. This experiment compared a hydrogen maser on the ground to an identical one carried on a rocket along a ballistic trajectory [3] . A first influence of EEP violation in this experiment arises through a change in the motion of an object used to map the gravitational potential φ as a function of position. The gravitational acceleration g T of a test mass m T is found by minimizing the action Eq. (7),
where (ā T eff ) 0 and (c T ) 00 are obtained from Eq. (6) . The test mass moves as if it were in the potential φ = (1 + β T )φ. We need not consider anomalies in the motion of the rocket, as these are removed by continuous monitoring of the rocket's trajectory. EEP-violation also causes a position-dependent shift of Hydrogen's 3 S 1/2 to 1 S 1/2 hyperfine transition. The hyperfine splitting scales with the electron mass m e and the proton mass
In analogy with a previous treatment of the Bohr energy levels in hydrogen [9] , the hyperfine transition varies linearly with φ as
Note that here it is not necessary to rescale the electrostatic interaction, as was done in [9] , since it cancels in the evaluation of ξ. Expressed in terms of the potential φ , the signal becomes
The precise combination of (c w ) 00 and (ā w eff ) 0 bounded by GP-A is given in Table I . For simplicity, we assume that the potential φ has been mapped by test masses made of silicon dioxide. This assumption is made throughout. A similar analysis applies to the Atomic Clock Ensemble in Space (ACES) mission [15] , which aims to place a Cs clock alongside a H-maser aboard the International Space Station. In a rough hydrogenic model, we estimate ξ hfs Cs using Eq. (9) (Table I) . Null tests comparing clocks 1 and 2 with clock coefficients ξ 1 and ξ 2 as they move together through a gravitational potential can yield bounds [9] [22] using tests listed in Tab. I, torsion balance tests [23] , and relative redshift measurements [11, [18] [19] [20] , with 1σ uncertainties. The index T replacing 0 indicates these limits hold in the Sun-centered celestial equatorial frame [14] .
(GeV) (GeV) 4.3 ± 3.7 0.8 ± 1.0 7.6 ± 6.7 −3.3 ± 3.5 4.6 ± 4.6
Determination of the EEP-violating phase in an AI proceeds along the same lines as the analysis leading up to Eq. (4), substituting the EEP-violating action of Eq. (7). To leading order, we obtain δϕ = (1+β At )kgT 2 . This reproduces the result obtained in [4] , with β At given by Eq. (8) specific to the atomic species. AIs are also sensitive to variations in the atoms' binding energy resulting from changes to the inertial mass of their constituent particles. Estimates of ξ bind nuc. are strongly model dependent. We derive the values in Table I by treating the nucleus as a Fermi gas confined in a square potential well of constant radius, holding fixed the last nucleon's binding energy. Thus we find that the AI constrains β At + ξ bind − (β grav + ξ grav ), where ξ grav is the small contribution of the gravimeter's binding energy to its motion (Tab. I). Bloch oscillations [6, 16] are a special case of an AI with the atoms at rest and bound the same terms if they use the same species, see Tab. I.
We have demonstrated that the phase difference measured in any AI is exactly the same as the phase accumulated by a pair of conventional clocks following the same path, ticking at ω C . Experiments on different particles or transitions offer windows on different sets of SME parameters. The sensitivities of various redshift tests to the a− and c− coefficients of the SME are summarized in Tab. I. In combination with the two best torsion balance tests of the universality of free fall (UFF) [23] , which limit β Be + ξ Be − β Ti − ξ Ti and β Be + ξ Be − β Al − ξ Al , we obtain simultaneous bound on all five EEP violation parameters for normal, neutral matter, see Tab. II. This is the first time that each has been bounded without assuming the others are zero, closing any loopholes for renormalizable EEP violations for neutral particles at O(c −2 ): Because the SME is comprehensive [8] [9] [10] , any additional anomalies may require as yet unknown particles, violation of energy conservation, or other innovations. We have, however, assumed that particles mediating binding potentials (e.g. W-bosons, π-mesons, etc.) satisfy EEP. AI and UFF tests have the best sensitivity to meson-related anomalies in the nuclear binding energy. Spin-dependent anomalies are not observable by existing redshift tests, and are a promising area for future study.
Redshift and UFF tests differ in their style of execution, as the former compare proper times whereas the latter compare accelerations, but the EEP violations they constrain take the same form at O(c −2 ), consistent with Schiff's conjecture. EEP-violation entering at O(c −4 ), however, may allow UFF to be valid at one point in a gravitational field, but be violated elsewhere; A single UFF test on the ground might not necessarily imply local position invariance (LPI) [24] , and might thus need to be complemented by redshift measurements. Future AIs may capable of constraining O(c −4 ) physics [25] .
